A simplicial complex X gives rise to both an affine and a projective scheme over an algebraically closed field k via its Stanley-Reisner ring. We call these schemes A(X) and P(X). See 1.3 for a description of these rings and [Sta96] for a general reference. The purpose of this paper is to lay the groundwork for a study of the deformations of these schemes.
Introduction
A simplicial complex X gives rise to both an affine and a projective scheme over an algebraically closed field k via its Stanley-Reisner ring. We call these schemes A(X) and P(X). See 1.3 for a description of these rings and [Sta96] for a general reference. The purpose of this paper is to lay the groundwork for a study of the deformations of these schemes.
In the case were |X|, the geometric realization of X, is a (triangulated) manifold, a smoothing of P(X) yields interesting algebraic geometric varieties. For example if |X| ≈ S n then a smoothing would yield an elliptic curve, a K3 surface or a Calabi-Yau threefold when n = 1, 2 or 3. If |X| was a torus then a smoothing would be an abelian surface, while RP 2 would give an Enriques surface.
In fact, this paper was originally motivated by a question from Sorin Popescu about the smoothability of P(X) when |X| ≈ S n as this would have applications for degenerations of Calabi-Yau manifolds. In the present paper we state some negative and positive partial results for surfaces in 4.7.
The first part of this paper deals with computing the cotangent modules T 1 A X and T 2 A X for a general Stanley-Reisner ring A X . We refer to 1.4 for a description of them. These modules are essential for understanding the deformations of both A(X) and P(X). The first contains all infinitesimal (first order) deformations and the second the obstructions for lifting these. In our case we shall see that the degree 0 part of these modules gives the infinitesimal (first order) embedded deformations and obstructions for P(X).
If X is a simplicial complex on the set {1, . . . , n}, then the T It turns out that the T i c depend in principle only on the supports a and b and vanish unless a is a face in X. We first compute the graded pieces T i c directly from the definitions above. Then, using algebraic topology, we derive our main theorem, Theorem 2.5.3. The T i c are shown to equal the relative cohomology of certain, easily understood, open subsets of the cone over | lk(a, X)|. Here lk(a, X) = {f ∈ X : a ∩ f = ∅ and a ∪ f ∈ X} is the link of a.
In 3 we look at the relationship between the global embedded deformations of P(X) and the induced deformations of the standard affine charts. We give a detailed description of the localization maps which allows us to prove in Corollary 3.2.3 that the Hilbert functor Hilb P(X) has no global obstructions.
In the last section of the paper we apply our results to combinatorial manifolds. For manifolds the T 
4).
We proceed to classify these lk(a, X) in low dimensions. A similar analysis is done for T 2 . We conclude the paper with some applications to the deformations of both A(X) and P(X). In 4.5 we look at Hilb P(X) . In 4.6 we describe the deformation theory of P(X) as complex space. Corollary 4.6.5 gives a criterion for smoothabilty of P(X) and we apply this in the surface case in 4.7.
To the best of our knowledge the subject of deforming Stanley-Reisner rings has been treated in the literature three times before in papers by Ishida and Oda ( [IO81] ), Symms ([Sym97] ) and D. A. Mel´nikov ([Mel92] ).
Ishida and Oda compute the cotangent modules in the case |X| is a homological n-sphere indirectly via torus embeddings. Symms computes H 0 (N ) and T 2 0 when |X| is a 2-dimensional manifold possibly with boundary. Our direct method in computing the cotangent modules makes it possible to avoid these assumptions and allows us to compute the cup product and the localization maps as well as to see exactly which first order deformations occur.
The Mel´nikov paper is based on Ishida and Oda and discusses smoothability of A(X) when |X| is a homological sphere. In the applications it is also assumed that T 2 = 0. Our results in 4.4 generalize his. His analysis moreover is based on [Mel92, Lemma 4] which is not quite complete. Our Lemma 4.1.3 presents a correct version.
Preliminaries

Simplicial complexes
We list some of the standard constructions used when dealing with simplicial complexes. This allows us to fix some notation we will use throughout this paper.
Let [n] = {1, . . . , n} and let ∆ n denote the set of all subsets of [n] . We view a simplicial complex as a subset X ⊆ ∆ n . For any subcomplex Y ⊆ ∆ n set [Y ] ⊆ [n] to be the vertex set {i ∈ [n] : {i} ∈ Y }.
If b ⊆ [n] we may construct simplicial complexes
•b = {b ′ ∈ ∆ n : b ′ ⊆ b} the subcomplex consisting of all subsets of b
• ∂b = {b ′ ∈ ∆ n : b ′ ⊂ b} the subcomplex consisting of all subsets of b excluding b itself.
The join of two complexes X and Y , denoted X * Y , is the complex defined by X * Y = {f ∨ g : f ∈ X, g ∈ Y }
where ∨ means the disjoint union. If f ∈ X is a face we may define
• the link of f in X; lk(f, X) = {g ∈ X : g ∩ f = ∅ and g ∪ f ∈ X}
• the open star of f in X; st(f, X) = {g ∈ X : f ⊆ g}
• the closed star of f in X; st(f, X) = {g ∈ X : g ∪ f ∈ X}.
Notice that the closed star is the subcomplex st(f, X) =f * lk(f, X).
Z n graded rings and modules
Let P = k[x 1 , . . . , x n ] be the polynomial ring in n variables over a field k. If a = {i 1 , . . . , i k } ∈ ∆ n , we write x a ∈ P for the square free monomial x i 1 · · · x i k . If a = (a 1 , . . . , a n ) ∈ Z n , set x a ∈ P to be the monomial x
n . An a ∈ ∆ n has a characteristic vector χ(a) ∈ {0, 1} n so in this case x a = x χ(a) . If a ∈ Z n then we define the support of a to be the subset a = {i ∈ [n] : a i = 0}. Thus if a ∈ {0, 1} n we have x a = x a . If I is a monomial ideal, then A = P/I will be Z n graded. If M is a Z n graded A module and c ∈ Z n , we write M c for the degree c part of M. It will be convenient for us to split c into a positive and negative part and the following notation will be used throughout. Write c = a − b where a = (a 1 , . . . , a n ) and b = (b 1 , . . . , b n ) with a i , b i ≥ 0 and a i b i = 0. If a and b are the corresponding supports, then a ∩ b = ∅.
It will often be the case for us that the vector space M c depends only on the supports a and b. In these cases we may misuse the notation and write M a−b for convenience.
Stanley-Reisner rings
Given a simplicial complex X ⊆ ∆ n , let M X = ∆ n \X be the set of non-faces. The associated Stanley-Reisner ideal I X ⊆ P is the ideal generated by the monomials corresponding to these non-faces:
The Stanley-Reisner ring is then A X = P/I X . To these rings we may associate the affine scheme A(X) = Spec A X and P(X) = Proj A X .
Stanley 
Recall that by comparing theČech complex of m O Proj A (m) and the complex computing
Thus by either using the result of Hochster or adjusting the proof to compute H i (P(X), O P(X) (m)) we get
The cotangent modules
The T i A X belong to a cohomology theory for algebras (see e.g. [And74] or [Lau79] ), but for our purpose it is enough to know the following ad hoc definitions.
Let P be a polynomial S algebra mapping onto A so that A ≃ P/I for an ideal I.
be an exact sequence presenting A as a P module with F free. Let M be an A module. The cokernel of the natural map Der
. Let R 0 be the submodule of R generated by the Koszul relations; i.e. those of the form j(x) y − j(y) x. Then R/R 0 is an A module and we have an induced map Hom
when k is the ground field. For a graded ring A there is a natural induced grading on the T When dealing with the deformations of P(X) we will work with the Hilbert functor, that is embedded deformations. In this case the correct
2 Cotangent cohomology of Stanley-Reisner rings
Equations and relations
Let X ⊆ ∆ n be a simplicial complex. For our purpose it is best to include all monomials corresponding to non-faces as generators of the Stanley-Reisner ideal I X , although this is a very non-minimal set. Let {e p : p ∈ M X } be a corresponding basis for P |M X | . The generating relations among these equations are
The relations among these relations are R p,q,r : x r\(p∪q) e p,q − x q\(p∪r) e p,r + x p\(q∪r) e q,r .
Remark. What we have just described is a special case of the so called Taylor resolution; a construction of a free, but in general not minimal, resolution of any monomial ideal. For a description and proof of exactness see e.g. [BPS98] .
The Koszul relations T p,q = x q e p − x p e q are easily seen to satisfy the identity
Thus if R is the relation module and R 0 is the submodule generated by the Koszul relations, then x p∩q R p,q ≡ 0 in R/R 0 .
First description
We start with the vector space Hom P (I X , A X ) c . Let a and b be as in 1.2. The values of a homomorphism φ ∈ Hom P (I X , A X ) c will be
where λ p ∈ k and must equal 0 if x b does not divide x p . So we may assume b ∈ {0, 1} n and x b = x b . Since the degree of φ(x p ) is determined by c, we may view Hom P (I X , A X ) c as functions from M X to k. In fact it is enough to consider functions on
To define a homomorphism the φ(x p ) must satisfy the relations R p,q modulo I X . Computing we see this means
and
To get T 1 A X ,c we must divide out the trivial deformations; i.e. homomorphisms generated by the ∂/∂x i . These appear iff b consists of only one element and M a−b = ∅. If b = {i}, then in our description ∂/∂x i is the function λ p = 0 if i ∈ p and λ p = 1 if i ∈ p. So if b = {i} we must take the quotient of the above space with the one dimensional subspace where λ p = 0 if i ∈ p and all other λ p are equal. Now we look at Hom A (R/R 0 , A) c . Note first that the degree of the relation R p,q is in {0, 1} n and has support p ∪ q. The values of a graded homomorphism φ will be
Consider the subset M
If we do as above we find that Hom A (R/R 0 , A) c is a subspace of the vector space of anti-symmetric k valued functions on this set; i.e. the components are λ pq with λ pq = −λ qp and λ pp = 0. We get conditions
and the "cocycle condition"
These conditions are not sufficient since a homomorphism in Hom A (R/R 0 , A) must vanish on R 0 . This means that x p∩q φ(R p,q ) must be in I, yielding the "Koszul condition"
To get T 2 we need to divide out with the submodule generated by the maps D α , α ∈ M X , defined by
otherwise.
In degree a − b the submodule is generated as vector space by (x α x a /x b )D α where b ⊆ α. In terms of the λ pq this means we must take the quotient with the space of tuples having the form λ pq = λ p − λ q where λ p = 0 if b ⊆ p and
Remark. Of course we are building some sort of cohomology to describe the graded pieces of T i A . We postpone such a representation until 2.3 where we can relate it to the simplicial complex itself. In particular condition 2.2.5 will take a more natural form.
Cotangent cohomology in terms of the simplicial complex
We proceed now to compute the multigraded parts T i A X ,c in terms of X. If we write c = a − b as in 1.2, then from the discussion above we know that these vanish unless a ∈ X and b ∈ {0, 1} n . In all statements below we assume that c satisfies these two conditions.
We start by defining a pair of important subsets of the simplicial complex
If there is no confusion as to which complex we are referring to we will write N a−b and N a−b .
To prove the second statement assume first that
As above this implies that (f ∪ b ′ ) is a pre-image of f . It certainly does not contain b. The last statement is obvious.
The application Φ induces an injective linear transformation Φ * : 
Proof. We have Im Φ 
Proof. Write as before Φ(p) = f p . By the anti-symmetric property such a λ ′ must have
On the other hand suppose 2.3.2 is true. If
a−b , the cocycle condition applies since
So it is enough to construct a representative satisfying 2.3.2.
Fix an f in N a−b and choose an m ∈ Φ −1 (f ). The cocycle condition applies inside the pre-image of f , so λ pq = λ mq − λ mp on Φ −1 (f ). Define µ ∈ k M a−b by µ p = λ mp if p ∈ Φ −1 (f ) and µ p = 0 otherwise. Then λ ′ pq = λ pq + (µ p − µ q ) will have property 2.3.2 (at least when f p = f ). We are therefore finished if we can choose m such that the function µ has µ p = 0 when f p = f and b ⊆ p.
Choose an m with property 2.3.1. If λ mp = 0 then b ⊆ p ∪ m and (m∩p)∪f ∈ X (Koszul condition). Lemma 2.3.3 implies then that b ⊆ p.
It follows from the previous lemma that every class in T 
Proof. For every f ∈ N a−b choose an m f ∈ Φ −1 (f ) which satisfies the minimality property 2.3.1. From the proof of Lemma 2.3.4 we get a Φ invariant representative for [ 
We may now formulate the conditions for T 2 in terms of N a−b . 
with the subspace of functions of the form λ(f, g) = λ(f )−λ(g) with λ(f ) = 0 if f ∈ N a−b (and similarly for g).
Proof. What is left to prove is that given the cocycle condition, conditions 2.2.3 and 2.2.5 translate to λ(f, g) = 0 if both f and g are in N a−b . More precisely we must show that the two following statements are equivalent for a Φ invariant anti-symmetric function λ on M (2) a−b satisfying the cocycle condition.
To prove (ii)
. Thus it is enough to prove the statement for pairs (f, g) with g ⊆ f .
Choose
′′ are as in Lemma 2.3.5. Assuming (ii), if λ(f, g) = 0, then both statements below must be true.
Intersecting with b in (1) yields b = b ′ ∪ b ′′ , while (2) and the minimality of
So g ∈ N, and therefore f ∈ N , imply that λ(f, g) = 0.
The above descriptions of T 1 c and T 2 c lead to a representation of these spaces as cohomology groups of certain complexes. Definition 2.3.7. A subset Y ⊆ X of a simplicial complex X has property U, or is a U subset, if
If Y has property U, then define the sets
and the complex of k vector spaces
By Lemma 2.3.1 both N a−b and N a−b are U subsets.
There is a canonical surjection of complexes
, and putting Proposition 2.3.2 and 2.3.6 together we get Corollary 2.3.8. Assume c = a − b with a ∈ X and b ∈ {0, 1} n . We have
and T 
Cotangent cohomology and the geometry of the complex
Recall that the geometric realization of X, denoted |X|, may be described by
To every non-empty f ∈ X one assigns the relatively open simplex f ⊆ |X|;
On the other hand, each subset Y ⊆ X determines a topological space
In particular, X \ {∅} = |X| and X = | cone(X)| where cone(X) is the simplicial complex cone on X. 
In particular, both sets have the same cohomology.
Proof. If f ∈ cone(X) then we may identify f ⊂ X with the union of all
For such an F let F Y ≤ F be the maximal subflag consisting only of faces in Y . Now we can continuously retract F ∪ F Y onto F Y and this can be done simultaneously for all F belonging to the above union.
Proof. We will prove the dual statement in homology using the method of acyclic models (see e.g. [Spa66, 4.2]). If Y has property U, consider the simplicial complex Y * where the vertices are the elements of Y and a set of
. To this end consider the set Y of U subsets of X, as a category with inclusions as morphisms. Let the models in Y be M = {f ∩ Y : f ∈ Y, Y ∈ Y}. Finally define the two functors from Y to chain complexes by
. We must show that both F ′ and F * are free and acyclic with respect to these models. Now a basis element of 
Reduction to the a = ∅ case
The set N a−b is empty unless b = ∅ and a ∈ X is a face. Moreover, we may reduce all the calculations of N a−b and N a−b , and therefore the T i , to the case of a = ∅ on a smaller complex. For convenience we will now sometimes write
Thus N a−b may be contracted to a and its reduced cohomology is trivial, so
It is a simple matter to check that the map between sets is a bijection (with inverse g → g ∪ a) and that it restricts to a bijection of the N subsets. Since it clearly preserves inclusions it induces a simplicial isomorphism on the complexes
It follows from Lemma 2.4.1 that we get an isomorphism in the relative cohomology.
The subsets N a−b and N a−b are in general neither open or closed. In the case a = ∅ though, we may find open sets retracting onto them. These sets are easier to describe and are therefore also helpful when computing specific examples.
Let
Proposition 2.5.2. There are isomorphisms
for all i.
there is a standard retraction taking α ∈ f to an α ′ ∈ f \ b which fits together to make ( N , N ) a strong deformation retract of ( U , U On the other hand if b is a face,
If b is a non-face and ∅ ∈ N , i.e. ∂b ⊆ X, then all four spaces are cones and there is nothing to prove. If b is a non-face and ∅ ∈ N, then both N and U are cones, so 
The cup product
The cup product T 1 × T 1 → T 2 can be defined in the following way (see [Lau79, 5.1.5]).
Let A = P/I with I generated by {e p }. If ϕ ∈ Hom A (I, A), lift the images of the e p obtaining elements ϕ(e p ) ∈ P . Given a relation r ∈ R, the linear combination r, ϕ := p r p ϕ(e p ) vanishes in A, i.e. it is contained in I. If ϕ, ψ ∈ Hom A (I, A) represent two elements of T 1 , then we define for each relation r ∈ R (ϕ ∪ ψ)(r) := ψ( r, ϕ ) + ϕ( r, ψ ) .
(2.6.1)
This determines a well defined element of T 2 . The quadratic form λ : T 1 → T 2 associated to the cup product describes the equations of the versal base space up to second order.
The cup product respects the multigrading, and we can give a formula for ∪ :
, but is split as in 1.2. We use the description of T 1 and T 2 from 2.3.
denoting the locus of higher multiplicities, and
with ϕ, ψ defined to be zero on non-elements of X.
Proof. From the discussion in 2.2 we know that
, then Lemma 2.3.5 tells us we may compute the value of (ϕ ∪ ψ)(f, g) using the expression 2.6.1 on R p,q . Here R p,q is the relation described in 2.1. We have ϕ(
Plugging this into 2.6.1 we get
To finish the proof it remains to take a closer look at the occurring arguments, i.e. to calculate
One can check that all the arguments of ϕ and ψ are in N a i −b i if they are in X.
Remark. The above description of the cup product is unfortunately very technical. We have not been able to interpret it in terms of the topology of the complex. Such an interpretation might also open the way for computing the higher order Massey products related to the obstructions. Still, the above formula will be enough for our use in the present paper. We give an example in Example 4.3.2.
Derivations
There is also the module T Proposition 2.7.1. The derivation module is
where a i is the ideal of A X generated by the x f with f ∈ X and st(f, X) ⊆ st({i}, X). 
a , so we may assume that a is a face. Assume first that there is a face a, i ∈ a and st(a) ⊆ st({i}). If we choose a to be maximal for this condition, then one checks that a ∪ {i} is a facet of X. We claim that a is a free face of a ∪ {i}.
Indeed if a ⊂ f , then st(f ) ⊆ st(a) ⊆ st({i}), so f ∪ {i} ∈ X. But since a ∪ {i} ⊆ f ∪ {i} we must have a ∪ {i} = f ∪ {i}. Thus a ⊂ f ⊆ a ∪ {i} and f = a ∪ {i}.
For the other implication assume a is a free face of F . Thus F = a ∪ {i} for some i ∈ a. If g ∪ a ∈ X, then by assumption either a = g ∪ a or g ∪ a = a ∪ {i}. In either case we get g ∪ {i} ∈ X.
3 Global and local deformations [Ser86] .
For general Z the tangent space of Hilb Z is H 0 (Z, N Z/P r ) where N Z/P r = T 1 Z/P r is the normal sheaf. The obstruction space, T 2 Z/P r , is the second hypercohomology of the cotangent complex of sheaves on Z. The global-local spectral sequence for the T i Z/P r together with the identity
that decomposes the obstruction space into local and global obstructions. 
are surjective for i = 1, . . . , m , then
The theorem applies to Stanley-Reisner rings by the last statement of Theorem 1.3.2.
In fact we can prove more. A close look at Jan Kleppe's proof of the comparison theorem (see [Kle79, 3] 
Remark. It follows from e.g. Theorem 2.4.3 that in degree 0 the kernel of the surjection Hom P (I X , A X ) 0 → T 1 0 is the n 2 -dimensional vector space spanned by the maps x i ∂/∂x j . Thus we may easily compute T 1 Z/P n−1 from T 1 0 . It is more convenient to work with the latter space because of the nice cohomological description of its multigraded pieces.
The localization maps
We recall first a very nice description of the standard affine charts that cover P(X). If f is a subset of [n], let D + (x f ) ⊆ P(X) be the chart corresponding to homogeneous localization of A X by the powers of x f . Then D + (x f ) is empty unless f ∈ X and if f ∈ X then
This means that for the sheaves T i we may identify
. Although strictly speaking we should consider lk(f, X) as a subcomplex of ∆ n , the T i depend only on the complex itself. In particular, when we look at graded parts, the above results show that T We proceed to describe the localization maps
Proposition 3.2.1. Define maps
(i) ψ f (a − b) preserves order and respects the subsets N and induces therefore maps ψ *
the inverse of the map in
Proposition 2.5.1. Moreover, for any face f ⊆ a, the map ψ *
(iii) For a vertex v ∈ X, the localization maps
when restricted to the graded pieces T lk(a, X)) via ψ a (a − b) . On the other hand,
is also bijective in this case.
In the case that f = v is a vertex the localization maps are easy to describe. For T 1 , if for example v = {1}, the homomorphism F (x 1 , . . . , x n ) → G(x 1 , . . . , x n ) descends to F (1, x 2 , . . . , x n ) → G(1, x 2 , . . . , x n ). For T 2 one gets a similar description since T 2 is a quotient of Hom A (R/R 0 , A). If we look at the multi-graded pieces, clearly the grading shifts as with ψ * v (a − b). The most important consequence of this knowledge on the localization maps is the following injectivity result. ′ . We also know that a ∩ b = ∅ and |a| = |b|. Thus
Proposition 3.2.2. The maps
T i A X ,0 → H 0 (P(X), T i ) are injective for i = 1, 2.
Proof. It is enough to prove that
′ ∪ v and a = a ′ . This means we need only consider the restriction to multigraded pieces
This if a = ∅ this map is injective, but in degree 0 a empty forces b to be empty and therefore T i (X) a−b = 0
We get an important corollary about obstructions.
Corollary 3.2.3. If X is a simplicial complex then Hilb P(X) has no global obstructions, i.e. H 1 (P(X), N P(X) ) vanishes and all the obstructions are in
4 Combinatorial manifolds 4.1 T 1 for manifolds
We will now restrict to the case where our simplicial complex X is the triangulation of a manifold without boundary. In fact we must restrict a little further. Since the links of faces are of such importance for the description of the cotangent cohomology, we will work with piecewise linear (P L-) manifolds. We will state standard definitions and results on P L-manifolds without reference. A general reference is [Hud69] .
Definition 4.1.1. A simplicial complex X is a combinatorial n-manifold if for all non-empty faces f ∈ X, | lk(f, X)| is a sphere of dimension n−dim f − 1. If we also allow | lk(f, X)| to be a ball of dimension n − dim f − 1, then X is called a combinatorial manifold with boundary.
If a complex X is a combinatorial manifold, then |X| is a P L-manifold. In dimensions less than four all triangulations of topological manifolds are combinatorial manifolds. In this section we call X a manifold if it is a combinatorial manifold without boundary. Proof. By Proposition 2.5.1 we may assume a = ∅. Set N := N ∅−b = {f ∈ X : f ∩ b = ∅ and f ∪ b ∈ X}. If N = ∅, then b ∈ X and X =b * lk(b); i.e. the join of a ball and a sphere. This join is a ball which contradicts X being without boundary. If b ∈ X, then ∅ ∈ N and N is a cone, so connected. Assume b is a face. Then (using the notation of 2.5) |X| \ N retracts to |X| \ U b = |st(b)|. In particular |X| \ N is contractible. Since X is a manifold, N is connected.
It follows that for a manifold dim k T 1 a−b is either 1 or 0 depending on whether N a−b is empty or not. If |b| = 1, i.e. b is a vertex, then N a−b is empty but T 1 a−b vanishes. This is because the dimension is at most 1, so there are only the trivial deformations. If |b| ≥ 2 we may reduce the computation to the a = ∅ case.
Lemma 4.1.3. If X is an n-manifold and |b| ≥ 2 then the following statements are equivalent:
4) X is as described in these two cases:
and ∂L is its boundary complex.
In both cases, X is a sphere.
Proof. It remains to check the (3)-(4) equivalence. Set
On the other hand we may decompose any face by
It is now easy to check the equality in this case.
In the first case, if F is a facet of ∂b, then L = lk(F, X) so it is a sphere. In the second case X \ st(b) is a manifold with boundary and ∂b is in this boundary. Again if F is a facet of ∂b, then L = lk(F, X \ st(b)) and therefore a ball.
We may add up these results to get a description of the whole T (lk(a, X) ) is the sum of the one dimensional
Remark. The case where b is not a face corresponds to the notion of stellar exchange defined in [Pac91] . (See also [Vir93] .) Assume X is a complex with a non-empty face a such that (i) lk(a, X) = ∂b * L for some non-empty set b
(ii) b is not a face of lk(a, X).
We can now make a new complex Fl a,b (X) by removing st(a) = ∂b * ā * L and replacing it with ∂a * b * L, 
T 1 in low dimensions
In low dimensions we may classify all the manifolds in Lemma 4.1.3. We will denote an n-simplex by △ n and the boundary complex by ∂△ n . The suspension of a complex X we denote ΣX. Let S n denote the n-sphere and B n the n-ball. Let C n be the chain of n 1-simplices; i.e. |C n | ≈ B 1 . In dimension 0, X must be two isolated vertices; i.e. X = ∂△ 1 and |X| ≈ S 0 . This case belongs to the list with b = [X]. In dimension 1, X is an n-gon which we write E n . The possibilities are b not a face X = ∂b * L where |L| ≈ S 2−|b| . |b| = 3: X = ∂△ 2 is the triangle E 3 . |b| = 2: X = ∂ △ 1 * ∂△ 1 is the quadrangle E 4 , and the b vertices are in diagonal position.
In dimension 2 we know that |X| ≈ S 2 but there are very few triangulations satisfying the conditions. b not a face X = ∂b * L where |L| ≈ S 3−|b| . |b| = 4: X = ∂△ 3 is the tetrahedron. |b| = 3: X = ∂ △ 2 * ∂△ 1 is the suspension of (double pyramid on) the triangle ΣE 3 , and b forms the equator. |b| = 2: X = ∂ △ 1 * E n is the suspension of (double pyramid on) an n-gon, ΣE n , and the b vertices are the top and the bottom.
b is a face X = ∂b * L ∪ ∂L * b where |L| ≈ B 3−|b| . |b| = 3: X = ∂ △ 2 * △ 0 ∪△ 2 is the tetrahedron ∂△ 3 . |b| = 2: X = ∂ △ 1 * C n−3 ∪ ∂ △ 1 * △ 1 is the cyclic polytope C(n, 2). If b = {1, 2} and C n−3 is {{3, 4}, {4, 5}, . . . , {n − 1, n}} then the facets of C(n, 2) are {1, 2, 3}, {1, 2, n}, {1, 3, 4}, {1, 4, 5}, . . . , {1, n − 1, n}, {2, 3, 4}, {2, 4, 5}, . . . , {2, n − 1, n}.
Notice that C(4, 2) = ∂△ 3 and C(5, 2) = ΣE 3 .
By Lemma 4.1.2, Lemma 4.1.3 and Theorem 2.4.3 these are all the manifolds of dimension less than three with non-trivial T 1 < 0 (X). We find the dimension of this space by counting the times X may appear in the list above. Manifold
T 2 for manifolds
We are not able to get so precise results for T 2 , but for oriented manifolds and especially spheres, T 2 is reasonably computable. Again it is enough to compute the case a = ∅ and then use these results on lk(a) in the general case.
∅−b may be computed as follows:
(ii) If b ∈ X and |X| is a sphere, then
These results are true even when the degree n − |b| = −1 with the convention
Proof. By Proposition 2.5.2 we have
If X is a sphere, then by Alexander duality H 0 (|X|\|∂b * L b |) ≃ H n−1 (∂b * L b ). Now |∂b| is homeomorphic to S |b|−2 , so |∂b * L| is homeomorphic to the (|b| − 1)-fold suspension of |L|.
To prove (v) we first use duality to get
). Since |b| ≥ 2, if we excise st(b), we achieve an isomorphism with
Now ∂b * lk(b) is an (n−1)-sphere, so if T 1 ∅−b = 0 we get an exact sequence
The suspension argument gives the exact sequence in the statement.
The last statement follows from Alexander duality on the (n − |b| + 1)-sphere lk(b ′ ).
Example 4.3.2. We compute the T 2 a−b and the cup product for the n-gon E n . Index the vertices cyclically with 0, . . . , n − 1. All addition is done modulo n.
If T 2 a−b = 0 then a is a face and ∂b ⊂ lk(a), so a can be a vertex or empty. If a is a vertex then lk(a) = ∂△ 1 and T 2 (∂△ 1 ) = 0, so we are left
Thus we have a 1-dimensional contribution to T 2 for every pair of vertices {i}, {j} with |j − i| ≥ 3.
Adding up we find that T 2 vanishes if n ≤ 5, and that dim T
Now for the cup product. Assume n ≥ 6. We have 1-dimensional T 
Notice that a 1 and a 2 must be in {0, 1} n . We have N ∅−{i−1,i+2} = E n \ (st({i − 1}) ∪ st({i + 2})) and N ∅−{i−1,i+2} = N ∅−{i−1,i+2} \ {∅}. Thus by Proposition 2.3.6, for a λ representing a class in T 2 ∅−{i−1,i+2} , λ(f, g) = 0 unless either f or g is ∅. On the other hand the cocycle condition implies that λ(f, ∅) = λ(g, ∅) for all f, g ∈ N ∅−{i−1,i+2} . We can therefore find the value of the cup product by applying the rule in Proposition 2.6.1 to ({i}, ∅). The maximal subsets of b needed are d = {i−1} for {i} and e = ∅ for ∅.
Choose as basis for each T 1 {i}−{i−1,i+1} , the maps ϕ i defined by ϕ i ({i}) = 1. Applying Proposition 2.6.1 we find
Thus the cup product on the T i A En is given by ϕ i ∪ ϕ i+1 ≡ 1 and all others vanish.
The case n = 6 is special since here ϕ i ∪ ϕ i+1 = ϕ i+3 ∪ ϕ i+4 in T 2 ∅−{i−1,i+2} . For n ≥ 7 there are no such relations between the cup products. 
Deformations of A(X)
Recall that if v is a vertex, the procedure we called Fl a,v (X) in 4.2 is classically known as starring v at the face a. Geometrically we are making a point v in a into a new vertex and adding the necessary new simplices to get a subdivision of the triangulation X.
A complex X ′ is known as a stellar subdivision of X if there exists a series X = X 0 , X 1 , . . . , X r = X ′ such that X i is obtained from X i−1 by starring a simplex of X i−1 at a new vertex. For example the barycentric subdivision is a stellar subdivision.
Proof. We may assume that X ′ is obtained from starring a simplex b of X at a new vertex a, i.e.
The corresponding first order deformation with parameter say t is unobstructed since any obstructed t k would have to be in T 2 k(a−b) = 0 since kb ∈ {0, 1} n . Since ∂b ∈ X ′ , x b is a generator of the ideal and the deformation is achieved by perturbing this monomial to x b − tx a . Clearly the general fiber is isomorphic to A(X).
We immediately get a result on smoothability for spheres. Proof. Just note that A(∂△ n ) is a hypersurface.
We turn now to criteria for when A(X), for a manifold X, is not smoothable. One reason for not being smoothable is if A(X) has no (non-trivial) deformations of negative degree. This means that T 1 a−b = 0 whenever |a| < |b|. To check this it is enough to only consider faces a with dim a < 
Plugging in dim a + 1 < |b| yields the desired inequality.
If f is an r-dimensional face of a simplicial complex X, define the valency of f , ν(f ), to be the number of (r + 1)-dimensional faces containing f . Thus ν(f ) equals the number of vertices in lk(f, X). Examples. Among two dimensional X with A(X) non-smoothable we find the icosahedron and the triangulation of the football which has vertices with valencies 5 and 6. If X is the minimal triangulation of the torus then A(X) is not smoothable. This follows from the fact that the 1-skeleton is a complete graph and the number of vertices is 7.
Projective deformations of P(X)
We first find formulas for the tangent and obstruction space for Hilb P(X) when X is a low dimensional manifold. By the discussion in 3.1 we need to add up the T i a−b that contribute to T i 0 . We define some invariants. Let f i be the number of i-dimensional faces of X and let f (k) i be number of i-dimensional faces with valency k. If dim X = 3 set τ = #{v ∈ X : lk(v) = ∂∆ 3 } π = #{v ∈ X : lk(v) = ΣE 3 } o = #{v ∈ X : lk(v) = ΣE 4 } σ = #{v ∈ X : lk(v) = ΣE n for some n ≥ 5} γ = #{v ∈ X : lk(v) = C(n, 2) for some n ≥ 6} .
We get the following formulas by consulting the list in Proposition 4.2.1. For surfaces these formulas are proven in [Sym97] .
Theorem 4.5.1. If X is a manifold with dim X ≤ 3, the dimension of the tangent spaces and obstruction spaces (when dim X ≤ 2) of Hilb P(X) are:
0 + 2f
1 . that contribute in degree 0 have 0 < |a| ≤ |b|. We must therefore have dim a ≤ 1 2 dim X by the same argument as before Proposition 4.4.3. Except for the case dim X = 3, |a| = 2 and |b| = 3, there is a unique a making |a| = |b|. In the exceptional case lk(a) = ∂∆ 2 and there are two choices for a. Thus f The second formula when dim X = 2 follows from the equalities 2f 1 = kf
Proof. Note first that dim Hom
0 . The T 2 formula follows from Example 4.3.2.
Examples. If X = ΣE n , n ≥ 5, then dim H 0 (N P(X)/P n+1 ) = n 2 + 6n − 2, dim T 1 0 = 5n and dim T 2 0 = n(n − 5). If X is the boundary complex of the icosahedron then P(X) is unobstructed. The dimension of the Hilbert scheme at P(X) is therefore 162.
Assume X is the triangulation of a surface with χ ≤ 1, such that its 1-skeleton is a complete graph. Examples. If X is the boundary complex of the regular solid with Schläfli symbol {3, 3, 5}, then P(X) is rigid in P 119 .
Theorem 4.1.4 not only gives us formulae as in Theorem 4.5.1, but a complete description of all the first order deformations. We make a list here only for surfaces, a similar one, using the classification in 4.2, may be made in dimensions one and three.
Denote by χ(a) the characteristic vector of a subset a. Proof. We refer to the classification in 4.2. In the first 3 cases b is a (minimal) non-face. In (i) and (iii) lk(a) = ∂b, while in (ii) lk(a) = ∂b * S 0 . In (iv) b is a face and lk(a) = ∂b * vertex ∪b.
Remark. According to the remark in 4.2 the first three cases above correspond to bistellar exchanges. We draw below how the corresponding exchange changes the complex. 
Deformations of the complex space P(X)
If k = C we may view P(X) as a compact complex space and consider its deformations in this category. We refer to [Pal76] and the references therein for this deformation theory. The first order deformations are given by the group T 
We therefore need to calculate the cohomology of the tangent sheaf. Certainly the criteria of Proposition 2.7.2 are met by manifolds (without boundary). We may exploit this to construct an "Euler sequence" for P(X).
Let z
i . By the global sections δ i = x i ∂/∂x i we mean theČech global sections
which are subject to the relation n i=1 δ i = 0. Let S i = P(st({i}, X)) ⊂ P(X) where we view S i as embedded in P n−1 , i.e. I S i contains all x j with {j} ∪ {i} ∈ X. Theorem 4.6.1. If X is a manifold, then there is an exact sequence of sheaves
Proof. By Proposition 2.7.2, Θ P(X) is generated by the global sections δ i . This gives a surjection O n P(X) → Θ P(X) . The annihilator of δ i is the ideal sheaf associated to Ann x i ⊆ A X . Clearly Ann x i + I X is the Stanley-Reisner ideal of st({i}, X).
The natural homomorphisms A X → A X / Ann x i add up to an injection A X → A X / Ann x i since every non-empty f ∈ X is in some st({i}). This gives the exact sequence.
Applying cohomology to this sequence yields the second statement. Indeed, st({i}) is contractible so the isomorphisms follow from Theorem 1.3.2.
Let B i = P(X \ st({i}, X)) ⊂ P(X) where we view B i as embedded in P n−1 , i.e. I B i = I X + x i .
Proposition 4.6.2. If X is a manifold, then in the exact sequence
Proof. By Theorem 4.6.1 there is a commutative diagram of Euler sequences with exact rows
where α is the identity and β is induced from multiplication with the x i . Thus the cokernel of γ equals the cokernel of β which is clearly n i=1 O B i (1). We are now able to describe the T i P(X) .
Theorem 4.6.3. If X is a manifold then
(iii) There are exact sequences
(1)) = 0 when i ≥ 1 by Theorem 1.3.2, so the map
) when i ≥ 1. The first two statements now follow from Proposition 4.6.2, Proposition 3.1.2 and Corollary 3.2.3.
The exact sequences come from the edge exact sequences of the globallocal spectral sequence for
(1)) = 0, so it is the zero map. One checks that this, together with H 1 (P(X), T 1 P(X) ) = 0 yields the second exact sequence as well.
Remark. By putting the results in Theorem 4.5.1, Theorem 4.6.1 and Theorem 4.6.3 together one gets formulas for the dimensions of T 0 P(X) , T 1 P(X) and T 2 P(X) . For example in the surface case one finds that
In particular, for spheres with f (k) i = 0 when k ≥ 6 we get as expected dim T 1 − dim T 0 = 20. Even when the sphere has vertices with valency 6 a closer look at the obstructions show that the difference between the dimension of the versal base space and dim T 0 is still 20.
Theorem 4.6.3 helps towards determining which P(X) can be smoothed. First we need a precise definition for our use of the term smoothing direction. (ii) Every one parameter deformation of Y with ξ as tangent is a smoothing.
If Y had a versal deformation space, e.g. if Y was compact with isolated singularities, then the smoothing directions would be the elements of T 1 Y not in the tangent cone of the discriminant of the versal base space.
We get the following corollary.
Corollary 4.6.5. If X is a manifold and there is a ξ ∈ T 1 A X ,0 which, via the isomorphism to H 0 (P(X),
) is surjective, ξ corresponds to a global first order deformation of P(X).
Let ξ i be the induced smoothing directions of D + (x i ). For each small extension along the way to the full lifting of each ξ i , the obstructions for glueing them to a deformation of P(X) are in H 1 (T In this manner we construct a one parameter deformation of P(X) with ξ as tangent. In general the global deformation thus constructed may not induce the original local deformations we got from the ξ i . But, they will have ξ i as tangent vector and therefore be smoothings by the definition of smoothing direction.
Smoothability of P(X) when X is a surface
We conclude this paper with some partial results on smoothings of surfaces. If X is 2-dimensional manifold then P(X) is covered by D + (x v ) = A(lk(v, X)) = A(E ν(v) ). It is well known, but also follows immediately from Corollary 4.4.2, that all A(E ν(v) ) are smoothable. The question is if the global deformations induce the necessary parameters to smooth the A(E ν(v) ).
We know exactly the relationship between global and local deformations in this case by Proposition 3.2.1 and Theorem 4.5.3. Thus we can read off which deformations of A(E ν(v) ) come from the global T 1 . The proof consists of checking against the above mentioned results and we omit it.
If we look aside from the complete intersection cases (ii) and (iii), we see that the global deformations only induce deformations of total degree −1, 0 or 1 -the last two depending on if there is a vertex with valency 4 or 3 in the link.
Thus we could find criteria for non-smoothability of P(X) if we solve the following problem.
Problem 4.7.2. If E n is an n-gon, let t We have some partial results.
Theorem 4.7.3. If X is a 2-dimensional manifold with ν(v) ≤ 6 for all vertices v, then P(X) is smoothable.
Before we prove the statement let us describe the versal base space Def P(X) with these restrictions. For a surface manifold we have H 2 (Θ P(X) ) = H 3 (X, C) = 0 so the map T This follows from the computation of the cup product. These equations define P 1 × P 2 in P 5 , so they cut out a codimension 2 space. Pulling this back to the global deformations we see that the only parameters involved in the obstructions are the edge deformation parameters t ij (for edge {i, j} as in Theorem 4.5.3 (i)) with ν({i}) or ν({j}) equal 6. If ν({i}) = 6 then the edges in lk({i}) form 3 pairs of opposites. The equations defining Def P(X) are all of the form t ij t ik − t il t ih where ν({i}) = 6 and {j, k} and {l, h} are opposite edges in lk({i}).
One may use the fact that an edge is contained in exactly two facets on a 2-dimensional manifold, to check that there are only trivial relations between the equations coming from lk({i}) and lk({j}) if i = j. Thus every valency 6 vertex cuts down the dimension of Def P(X) by 2.
We may use this and Theorem 4.5.1 and Theorem 4.6.3 to compute the dimension of Def P(X) . It is dim Def P(X) = dim T 1 P(X) − 2f (6) 0 = h 2 (X) + f 0 + 9χ(X) .
More interesting maybe is that dim Def P(X) −h 0 (Θ P(X) ) = h 2 (X) + f 0 + 9χ(X) − (h 1 (X) + f 0 − 1) = 10χ(X) .
Proof of Theorem 4.7.3. For each vertex v with ν(v) = 3, let ξ v be the first order deformation with a = 3χ(v) as in Theorem 4.5.3 (iii). Let ξ be a generic unobstructed linear combination of all the edge deformation directions and the ξ v for all v with ν(v) = 3. By Corollary 4.6.5 we must show that ξ is a smoothing direction locally on each chart. We may use Proposition 4.7.1 to see the induced deformation on the charts which will be A(E n ) with n ≤ 6. We need the ξ v to smooth the A(E 3 ) that might appear. For the other charts it is enough to show that already a generic combination of the edge deformations restricts to a smoothing direction.
We will only do the case when n = 6. Consider the parameter space spanned by the t i := t
(1) i subject to the 3 obstruction equations t i t i+1 −t i+3 t i+4 for i = 0, 1, 2. The total family over this space is defined by x i−1 x i+1 − t i x i for i = 0, . . . , 6 x i x i+3 − t i+1 t i+2
for i = 0, 1, 2.
We claim that a fiber is smooth if no t i = 0. This is enough to guarantee that ξ restricts to a smoothing direction. One easily sees that e.g. x 2 x 3 x 4 x 5 is a 4 × 4 minor of the Jacobean matrix of the equations for the family. Thus in a singular fiber one of these coordinates, say x 2 , must vanish at the singular point. But then the equation x 2 x 5 − t 3 t 4 = 0 forces one of the t i to equal 0.
Remark. A generic combination of the edge deformations alone lifts to a deformation to a nodal surface -one node for each valency 3 vertex.
There are also negative partial results. i , some parameters must vanish. One checks that this means that any fiber is singular, in fact reducible.
Examples. We may construct spheres and tori with non-smoothable P(X) in the following way. First a sphere. Make a cylinder over an n-gon, n ≥ 7. Now triangulate the n-gons by adding a vertex in the interior and drawing edges to the corners. Triangulate the quadrangular walls by drawing a diagonal in the same direction for all of them. The resulting triangulated sphere has 2 vertices with ν = n and 2n vertices with ν = 5.
If ν(v) = 6 for all vertices in X, as is the case for the minimal triangulations of the torus, we may construct a new complex X ′ with |X ′ | ≃ |X|, but with P(X ′ ) not smoothable. To do this, pick an edge, e = {1, 2}, in X and star in a new vertex {0} at this edge. If e was the common edge of facets {1, 2, 3} and {1, 2, 4} then we must add the edges {0, 1}, {0, 2}, {0, 3} and {0, 4} to X. Now {1, 3} is the common edge of {0, 1, 3} and some other triangle, say {1, 3, 5} in the new complex. Exchange {1, 3} with {0, 5} to get X ′ . In X ′ , ν({4}) = ν({5}) = 7, ν({0}) = ν({1}) = 5 and the others have valency 6. Thus P(X ′ ) is not smoothable.
